MINIMAL SURFACES IN S'^ FOLIATED BY CIRCLES 
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Abstract. We deal with minimal surfaces in the unit sphere S^, which are one-parameter 
families of circles. Minimal surfaces in foliated by circles were first investigated by 
. Ricniann, and a hundred years later Lawson constructed examples of such surfaces in S"^. 

We prove that in S'^ there are only two types of minimal surfaces foliated by circles, crossing 
the principal lines at a constant angle. The first type surfaces are foliated by great circles, 
which are bisectrices of the principal lines, and we show that these minimal surfaces are the 
well-known examples of Lawson. The second type surfaces, which are new in the literature, 
' are families of small circles, and the circles are principal lines. We give a constructive 

formula for these surfaces. An application to the theory of minimal foliated semi-symmetric 
hypersurfaces in is given. 
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1. Introduction 



In the present paper we deal with minimal surfaces in the unit sphere in the four- 
dimensional Euclidean space M.'^, equipped with the standard Euchdean metric (.,.). A 
surface in is given by a unit vector-valued function l{u, v) in M'^, defined in a domain 
V cR"^, i.e. 

> : Ku, v) = {l\u, v),Piu, v)j'iu, v),l\u, v)) , {u, v) e V, 

Tj- ! where {l{u,v),l{u,v)) = 1, {u,v) G V. Since our considerations are local, we assume 
^ I that the parameters {u,v) are isothermal (conformal) ones, which means that (luJu) = 

^ . The minimal surfaces in are determined by the solutions / = l{u,v) of the following 

O ! system of partial differential equations 

(1.1) Al + \Vl\^l = 0; 

where V and A denote the gradient and the laplacian operators, respectively, computed with 
respect to the Euclidean metric in M^. 

System (1.1) is the Euler - Lagrange system of harmonic maps, which has been intensively 
investigated in the last decades by variational methods (see for example [5], [6], [7], [8], [H] 
and the references there). 

Our aim is to find the minimal surfaces in S*^, that satisfy a certain geometric property: 
locally they are one-parameter families of circles. The variational methods cannot be applied 
for studying the geometric structure of the minimal surfaces, that is why we use a different 
method, which is based rather on the differential geometry of surfaces in than on PDE 
methods. 

It is well known that the only minimal rotational surface in is the catenoid, which is a 
surface fibred by circles in parallel planes. Other minimal surfaces in M^, which are foliated 
by circles in parallel planes, were discovered by Riemann [13]. They are usually referred 
in the literature as Riemann examples. Enneper [2] proved that catenoids and Riemann 
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examples are the only minimal surfaces in M.^ foliated by circles. A surface in M.^, which is 
determined by a smooth one-parameter family of circles is also called a cyclic surface. Cyclic 
surfaces of constant mean curvature and cyclic surfaces of constant Gauss curvature in 
are described in [12] and [TT] . 

Our idea to find the minimal surfaces in S^, which are one-parameter family of circles, is 
motivated by what happens for cyclic minimal surfaces in R^. 

A well known example of a minimal surface in is the Clifford torus (the standard flat 
torus), which consists of two orthogonal families of circles. Generalizations of the Clifford 
torus are the so called Lawson tori [10]. They have two orthogonal families of parametric 
lines, one of them consists of circles, and the other one consists of curves with constant 
Frenet curvatures in R^. 

TT 

The circles on the Lawson torus cross the principal lines at an angle — . In this paper 

we find all minimal surfaces in S^, which are one-parameter families of circles, crossing the 
principal lines at a constant angle. We call these surfaces generalized tori. In Theorem 12.21 
we prove that there are only two types of generalized tori in S^: the first one is characterized 
by the condition that the circles are bisectrices of the principal lines (we call these surfaces 
generalized tori of first type), and the second one is characterized by the condition that 
the circles are principal lines (we call them generalized tori of second type). We show that 
all generalized tori of first type are Lawson tori (Theorem 12. 3p . In Theorem 12.41 we give a 
constructive formula for the generalized tori of second type. 

In Section [3] we point out the relation between the theory of minimal surfaces in and 
the theory of minimal foliated semi-symmetric hypersurfaces in R^. Each minimal surface 
in generates a minimal foliated semi-symmetric hypersurface in R^ according to a special 
construction given in |1]. We illustrate how this construction can be applied to two examples 
of minimal surfaces in 5*^ for obtaining the first and the second type helicoids, which are 
special minimal foliated semi-symmetric hypersurfaces. We also apply the construction to a 
class of generalized tori of second type, which are new surfaces in the literature, and thus 
we obtain new minimal foliated semi- symmetric hypersurfaces in R^. 



2. Generalized tori in 

Let : / = l{u,v), {u,v) E T> he a. surface, parameterized by isothermal parameters, 

and lying on the unit sphere in R'^, i.e. the vector-valued function l{u,v) satisfies the 
equalities: 

(2.1) Q = Q = E{u, v); {In, Q = 0; {I, I) = 1. 

Since lJuJv are mutually orthogonal, there exists a unique (up to a sign) unit vector field 
n{u,v), such that Z^,, form an orthogonal basis in W^. Differentiating the equalities 

(2.1) , we get the following derivative formulas: 

luu = lu — ly — El + ail 

Ivv = ^« + ly — E I + a22 n, 

where aij{u,v), i,j = 1,2 are functions defined in V. Hence, 

(2.2) luu + Ivv + '^E I = (an + a22) n. 
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is a minimal surfaces in if and only if an + 022 = 0. Equality (2.2) implies that 
is minimal if and only if ^^^j + + 2£' / = 0. 

Consequently, the problem of finding the minimal surfaces in is equivalent to the 
solvability of the following system 

Al{u,v) + 2E{u,v)l{u,v) = 0; 

{l^,Q = {l,,Q = E{u,vy, {lu,Q = 0; (1,1) = 1 

with an appropriate C°° smooth scalar function E{u,v) > in a small neighbourhood T> of 
the origin. 

Let us note that according to the theorem of Helein (see [5j, p. 346) the solutions of 
system (1.1) (and hence of (2.3)) are C°° smooth, because D is a two-dimensional domain. 

Now let : / = l{u, v) be a minimal surface in S^. Then the derivative formulas of 
are as follows: 

''UU 2,E IE ~r 7T., 

(2.4) luv = ^lu + ^lv +bn; 

1 — / I / _ p / _ 

''VV „ J-, ''u ~r „ liv -Cv ^ 

where a(w, v) and h{u^ v) are functions in V. The derivatives and of n(-u, v) satisfy 

(2.5) Tiu — Lu ^ "^v ^ ''u ~l~ Uti- 
lising the Gauss and Codazzi equations (or equivalently the identities of the mixed third 

derivatives of l{u, v) and mixed second derivatives of n{u, v)) from (2.4) and (2.5) we get that 
the functions a{u,v) and b{u,v) are harmonic functions, satisfying the Cauchy - Riemann 
conditions: 

bu{u, v) = ay{u, v); by{u, v) = -au{u, v). 
The Gauss and Codazzi equations for also imply the identity 

(2.6) a^ + b^ = -AE - S±:S + E^. 

2 2E 

As it is well known the Gauss curvature K of is given by 

(2.7) K = ^^±^ - ^ = -^AlnE. 
^ ' 2E^ 2^2 2E 

Hence, equalities (2.6) and (2.7) imply that the Gauss curvature K is expressed by the 
functions a and b as follows: 

(2.«) /^^l-^. 

The simplest case, in which problem (2.3) can be solved completely, is the case K = const. 
In [9] it is proved that: // is a minimal surface in of constant Gauss curvature K, 
then either K = 1 and is totally geodesic, or K = and is an open piece of the 
Clifford torus. 

From (2.8) it follows that the case is totally geodesic in (i.e. is a sphere with 
radius 1) corresponds to a = 6 = 0. Further on we shall consider only the case (a, b) 7^ (0, 0). 

Let us recall that the Clifford torus is a surface in M^, parameterized as follows: 

M : l{u,v) 
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A direct computation shows that l{u, v) satisfies the equahty + 1^^ + 21 = 0, and ly) = 
{L, D = 1; {^u, D = 0; (/, I) = 1. The parametric fines u = const and v = const of J\4 are 
circles. 

Anotfier example of minimal surfaces in S^, wfiicfi is a generalization of tfie Clifford torus, 
is given in [TU]. H. B. Lawson proved tfiat every "ruled" minimal surface in is an open 
submanifold of one of tfie surfaces Aia given by 

(2.9) : l{,x,y) = (cosx cos ay; cos x sin ay; sin x cosy; sin x siny) 

for some constant a > 0. Here "ruled" means one-parameter family of great circles in 5"^. 
Tfie surface A^i is tfie Clifford torus, and it is tfie only surface A^q, witfi constant Gauss 
curvature (see [9]). We sfiall call tfie surfaces Aia (a ^ 1) Lawson tori. 
Tfie tangent space of A^q, is spanned by tfie vector fields 

ix{x, y) = (— sinx cos ay; — sinx sin ay; cosx cosy; cosx siny), 

^"^■^^^ lyl^x, y) = (—a cosx sin ay; a cosx cos ay; — sinx siny; sinx cosy); 

and tfie coefficients E, F, G of tfie first fundamental form of Al^ are given hj E = 1; F = 
0; G = G{x) = o? cos^ x + sin^ x. 

Using (2.9) and (2.10) we find tfie unit normal vector field n{u,v) of Al^ ortfiogonal to 

n{x, y) = =(sinx sin ay; — sinx cos ay; —a cosx siny; a cosx cosy). 

V a^ cos^ X + sin x 

A direct computation sfiows tfiat tfie Gauss curvature of Af^ is given by 

a2 

K = l- 



cos^ X + sin^ x)^ 



and obviously K ^ const wfien a 7^ 1. 

Let us consider tfie Lawson torus AIq, for a 7^ 1. In sucfi case tfie parametric lines 
y = Vo = const of Aia are circles, wfiile tfie parametric lines x = xq = const are curves in 
witfi constant Frenet curvatures. 

Tfie parametrization (2.9) of AIq, is not an isotfiermal one. We sfiall find isotfiermal 
parameters of AIq,, wfiicfi are also principal parameters of tfie surface. Let us consider tfie 
following cfiange of tfie parameters: 

- r 1 , 

u = — , ar; v = v. 

Jo VW) 

Tfien we obtain 

E = G = G{x{u)y, F = 0, 

i.e. tfie parameters {u,v) are isotfiermal. A direct computation sfiows tfiat tfie vector- 
function l{u,v) satisfies tfie system: 

7 , 'W ]■ 1 7 _|_ . 7 J -p , 

ZE 2E 2E 

Hence, for tfie Lawson torus AIq, tfie functions a and b in formulas (2.4) are a = 0, b = a = 
const, and E = E{u). Tfie circles on AIq, are tfie parametric w-lines. 

If we cfiange tfie isotfiermal parameters (m, U) witfi isotfiermal parameters (m, f ) in tfie 
following way 
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then E{u,v) = {lu,lu) = {IvJv) — G{u,v), and l{u,v) satisfies (2.4) with a — a, b = 0, and 
E instead of E. 

With respect to {u, v) the surface M.a is parameterized by principal hnes, i.e. the shape 
operator, corresponding to the normal vector field n{u,v), is in diagonal form. The circles 
on A4q. are bisectrices of the principal lines. 

Now we shall find all minimal surfaces in S"^, which are one-parameter families of circles, 
crossing the principal lines under a constant angle. We call these surfaces generalized tori 
in S^. They generalize the Lawson tori. 

Proposition 2.1. Let he a minimal surface in with non-constant Gauss curvature. 
Then can locally he parameterized by principal lines, and the new parameters are isother- 
mal ones. 

Proof. Let : / = l{u, v), {u, v) ^ Vhe a minimal surface in S^, parameterized by isother- 
mal parameters. Then the derivative formulas (2.4) of hold good, and the functions 
a{u, v) and b{u, v) are harmonic functions, satisfying the Cauchy - Ricmann conditions. In 
case of b{u,v) = the parameters {u,v) arc principal ones. Let b{uo,Vo) ^ 0, {uo,Vo) e V. 
Then there exists T>o cT> such that b{u,v) 7^ for all (w, v) G Vq. We shall prove that there 
exist isothermal parameters {x,y) such that b{x,y) — {lxy,n) — 0. If 

x^x{u,v); y^y{u,v) 

is a holomorphic change of the parameters {x{u, v) and y{u, v) satisfy the Cauchy - Riemann 
conditions), then 

b{x, y) = 2au^Uy - b{ul - w^). 

Hence, 

b^O ^ bl}^] -2a(^]-b^0 



ILy J y Uy 

From the inverse change of the parameters, using the Cauchy - Riemann conditions, we 
have Xu ~ , x^ ~ ^ , and hence we obtain that 6 = if and only if 



Xu -O ± + h"^ ^ . n/ ^ -o -\- \J + 6^ -o - + 6^ 

I.e. — = ; . We denote p{u,v) = ; , 'y{u,v) = ; . 

Xy b b b 

Now, let us consider the equations 

(2.11) Ai-W".")^ = 

For each point (^0,^0) G l^o there exists Vi C Vq and functions $(«,f) 7^ 0, 'i>{u,v) 7^ in 
Vi, such that the integral curves of the first equation in (2.11) are given by ^{u,v) — const, 
while the integral curves of the second equation in (2.11) are ^(u, i;) = const. Hence, 

(2.12) = -P^,, = -7*,. 
We consider the following smooth change of the parameters: 

(2.13) X = $(w, v), y^ *(m, v); {u, v) eVi. 

When {u, v) runs in Pi the parameters (x, y) describe a domain V C R^. Now a;„ = Xy = 
^v] yu — ^ui Vv — ^1.- Using that f3^ = —1 and equalities (2.12), we get (Ix, ly) — 0, i.e. 
the parametrization (x, y) is orthogonal one. We shall prove that this parametrization is 
isothermal. With respect to the new parameters the coefficients of the first fundamental 
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form are E = {lx,lx), F = {Ix^^y) = 0, and G = (ly,ly). Then for the surface the 
following derivative formulas hold: 

Ex Ey 
Ey Gx 

(2.14) t'xy = I'x + l-y'-i 

J ^X J Gy 

~ ~2G 2G 2/ ~ ' 

(2.15) Ux = ^ ~ 'q 

Taking into account the second fundamental form of as a surface in M^, from (2.14) we 
calculate that the Gauss curvature K is given by 

(2.16) ^=1-|^- 

Using that rixy = Uyx, kxy = Ixyx, Ixyy = lyyx, from (2.14) and (2.15) we obtain 

(2.17) a, = 0; = 0; {E - G)Ey = 0; {E - G)Gx = 0; 



(2.18) 



Qx = ( 


3; 


ay 


= 0; 


(E 


E 
^yy 


+ 


^xx 


3E^^ 


Gl 


2E 


2G 


AE^ 


4^2 


E 
^yy 


+ 


Gxx 


3GI 


E'y 


2E 


2G 


AG^ 


4^2 



EtGt — E^.G I, ^ q2 

- \eg +^-g=°- 

ExGx - EyGy _ n 

+ AEG +^~E-^- 



If we assume that E{xo, yo) — G{xo, yo) 7^ at some point {xq, yo) G V, and hence E—G 7^ 
in a neighbourhood Vq C V oi {xo,yo), then from (2.17) we get Ey = Gx = in Vq. 
Now equalities (2.16), (2.17), and (2.18) imply that K = in "Do? which contradicts the 
assumption in the theorem. Hence, E — G = in V. Consequently, the parameters {x,y), 
defined by change (2.13), are principal ones. □ 

Now let : / = l[u,v) be a minimal surface in S^, parameterized locally by isothermal 
principal parameters, i.e. 6 = 0. Using that bu — a^, — — a„, we get a — const. Without 
loss of generality we assume that a = 1 (if a 7^ 1, we multiply the parameters by -x/jaf). 
Hence, the derivative formulas (2.4) and (2.5) hold with a — 1, b — 0. 

Theorem 2.2. Let be a minimal surface in with non- constant Gauss curvature. If 
on there exists a family of circles, crossing the principal lines under a constant angle 9, 
then the circles are either principal lines (9 — or 9 — —) or bisectrices of the principal 

lines (9 — — or 9 — —). 
A A 

Proof. Let : I = l{u, v) be parameterized locally by principal parameters. Suppose that 
on there exists a family of circles, crossing the principal lines under a constant angle 9. 
Let 

X — cos 9u-\- sin 9 v] 

(2.19) • /, , n 9 ^ const, 9 e[0]27r). 
^ ' y — —sm9u + cos9v; l ; / 

Then from (2.19) we get 

(2.20) Ex = cos 9 Ey, + sin 9 E^; Ey = - sin9 E^ + cos9 Ey. 
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Using (2.4) with a = 1, 6 = 0, and (2.20) we calculate 

Ex . E, 
2E 

Ey . E, 

2E 

Ex , E, 



^ Ix - ly - E I + cos29 n; 
2E 



(2.21) 



/ ^ + — I 

'^2/ o IT" ^ ^ 2E 



hv 2E 2E " 



— sin 29 n; 
El-cos29n. 



Let us denote a — cos 29, b — sin 29 (a, b - const). 

Now we shall consider an arbitrary x-line c : l{x) = l{x,yo). The curve c is a circle if 
and only if its Frenet curvatures are x = const; t = a = 0. Using (2.21) we calculate the 
tangent vector tc and the principal normal vector ric of c: 



1 

ric = — 



E„ 



2E^ " 



a 



E^ 

where = + 1 + — . The derivatives of tc and Uc are: 



(2.22) 



= xric; 

-Htr- 



n 



X 



E,, 



2E^ ^ X yy2E^ J ^'^ 4^3 



IffEy 



ExE,, a b 



E 



E 



-Y-+- 

X ) E X 



2^2 



+ 



E J X 



n 



E 



From (2.22) it follows that c is a circle if and only if 

X = const; 



Ey 

2^2 



Er^E,. ab 
+ + — = 0; 



4^3 ^2 



Ey 

2E^ 



= 0, 



which is equivalent to 

2aEx + bEy = 0; 
'^^■^^^ 2EExy-3ExEy + 4abE ^0. 

Analogously, the ^/-lines are circles if and only if 

bEx - 2aEy = 0; 
^^■^^^ 2EExy - SExEy -AabE^O. 

From (2.20) we calculate 

(2.25) Exy — — sin 6* cos 9Euu + cos 29Euv + sin 9 cos 9Eyy. 

From the first equality of (2.23), using (2.20), we get cos^ 9 — sin^ 9 Ey — 0. All solutions 
of this equation are given by 

(2.26) E ^ (p{sm^ 9 u + cos^ 9 v) 

for arbitrary smooth function (/?. Hence, E^ = sin^^(/?'; E^ = cos^9lp'; E^u = sm^9Lp"; 
Eyy = cos^9(p"; Euv = sin^ 9 cos^9(p". From the second equality of (2.23), using (2.25) and 
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(2.26) we obtain sin 2^ cos26{ipip" — -y?'^ — 4(/?) = 0. Consequently, the x-lines are circles if 
and only if 

E = (p{sm^ 9u + cos^ 9 v); 
^^■^'^^ sin 29 cos 29{^^" - ^ip'^ - Acp) = 0. 

Analogously, using (2.24) we obtain that the ?/-lines are circles if and only if 

E = ip{cos^ 9u — sin^^f); 

^^■^^^ sin 29 cos 29{ifif" - ^^'^ - 4p) = 0. 

Thus the condition the x-lines (or y-lines) to be circles leads to the following cases: 

I. sin 2^ = 0, i.e. 6* = or ^ = -. 

2 

This case corresponds to x = u; y = v or x = v; y = —u. From (2.27) and (2.28) we obtain 
that the u- lines are circles if and only if i? = ip{v), and the t'-lines are circles if and only if 
E = ip{u). In this case one of the families of principal lines is a family of circles. 

II. cos 2^ = 0, i.e. 9 = ^ or 9 = ^. 

4 4 

This case corresponds to x = ^{u + v); y = ^{—u + v) or x = ^{—u + v); y = ~^{u + v). 

From (2.27) and (2.28) we obtain that the x-lines are circles if and only if i? = v^(x), and 

the y-lines are circles if and only H E = f{y). In this case one of the families of bisectrices 

of the principal lines is a family of circles. 
3 

III. (p(p" - -Aip = 0, and sin 2^ cos 20 ^ 0. 

We shall prove that this case is not possible. Since E > then E = lp(t) = e^^^-* for some 

function z = z{t), t = sin^6''u + cos^^f (or r = cos^^w — sin^ 9v). Moreover, E ^ const, 

3 

i.e. z'{t) 7^ 0. The equality ipcp" — -tp''^ — itp = implies 

(2.29) z" - _ 4e-^ = g. 

On the other hand, using identity (2.6), we obtain 

(2.30) (cos^ 9 + sin^ 9)z" + 4 sinh z = 0. 

Let us denote A = cos^ 9 + sin^ 9 = const. Multiplying (2.30) by z' and integrating we get 

^z'^{t) +4 cosh z{t) = ^/2(0) + 4coshz(0). 
Equalities (2.29) and (2.30) imply 



4 sinh z + -^'^ + 4Ae"'^ = 0. 
2 

Using the last two equalities we obtain 

4(1 - A)e~^ = ^^'^(0) +4cosh;z(0) = const. 

Since 1 — A = 3 sin^ 9 cos^ 7^ 0, we get e"^*-"^^ = const, i.e. z{t) = const, which contradicts 
the condition z'{t) 7^ 0, i.e. E 7^ const. □ 

From Theorem l2.2l it follows that there are only two types of generalized tori in S^: the first 
one is characterized by the condition that one of the families of bisectrices of the principal 
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lines is a family of circles (we shall call such surfaces generalized tori of first type), and the 
second one is characterized by the condition that one of the families of principal lines is a 
family of circles (we shall call these surfaces generalized tori of second type). 



Theorem 2.3. Let be a generalized torus of first type with non-constant Gauss curvature. 
Then is a Lawson torus Aia for some a > 0, a 1. 



Proof. Let be a generalized torus of first type with non-constant Gauss curvature. In this 
case the derivative formulas (2.4) hold, with a = 0; b = 1, and E = E{u) (or E = E{v)). We 
shall consider only the first case, i.e. E = E{u), E^ 7^ 0. The second one can be investigated 
analogously. The derivative formulas in this case look like: 



(2.31) 



7 _ 7 _ TPI. 

1 - E2L1 4- ■ 

7 _ 7 _ z? 7. 

''vv 2^ " ' 



We shall prove that the parametric w-lines are great circles. Let c : c{u) = l{u,vo), 
Vq = const be an arbitrary w-line. From (2.31) it follows that c = and the tangent vector 

tc oi c is tc = c' = - = We calculate t' = — = —= | — 7^ | = —I. Hence, 

s VE ' s ^ Vv^ 2EVE J 

the curvature x of c is x = 1, i.e. c is a great circle. Consequently, is a one-parameter 
family of great circles. According to flU\ Prop. 7.2] is on open submanifold of Ai^ for 
some a > 0, a 7^ 1. □ 

Now we shall consider a generalized torus of second type with non-constant Gauss curva- 
ture. In this case the derivative formulas (2.4) hold, with a = 1; 6 = 0, and E = E{u) (or 
E = E{v)). We consider the case E = E{u), Eu 7^ 0. In this case the parametric v-lines are 
circles. We shall prove that the different t^-lines are circles with different radius. 

Now the derivative formulas follows: 

luu 771-i E I -\- n, — 



(2.32) luv 2£/ E^^^ 



Let c : c{v) = l{uo,v), Uo = const be an arbitrary f-line. As in the proof of Theorem 
12. 3[ from (2.32) we calculate the curvature x(mo) of c: x(mo) = Wl + "i', + 



4E^{uo) E^uoY 

For different values of the constant uq the curvatures x(uo) are different. We note that 
x(mo) > 1, i.e. the circles are not great ones. Therefore, the generalized tori of second type 
are different from the Lawson tori. 
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Since E{u) > 0, we write E{u) in the form E{u) = e^^^\ z{u) ^ const. Then the system 
(2.32) is rewritten in the following form 

z'{u) 

^uu ^ ~l~ 6 I ^ — 0, Tin ~l~ 6 ly^ — 0, 

We look for classical solutions of the above system for the vector- valued functions l{u,v), 
lu{u,v), ly{u,v) and n{u,v) in a neighbourhood of the origin under the following initial 
conditions: 



KO, 0) = ei; /,(0, 0) = e^es = /E(0) 63; 

(2.34) . , 

^ ^ /„(0,0) = e2e2 = V^(0)e2; ri(0,0) = e4, 

where {ei, 62, 63, 64} is the standard orthonormal basis in M^, and s — const — z{0) — In £^(0). 

Since the function E{u) satisfies identity (2.6) with a = 1, 6 = 0, it follows that z{u) is 
the solution of the following ordinary differential equation 

(2.35) z"{u) + 4 sinh z{u) = 0; z{Q) = s; z'{Q) - 2t, 

where s and t are arbitrary constants. 

In order to find explicitly z{u) we note that the identity (2.6) holds for an arbitrary 
minimal surface in S^, parameterized by isothermal parameters. So, let us consider again 
the Lawson torus Ma, defined by (2.9). We change the parameters {x, y) by new parameters 
(it, v) in the following way 

r 1 

u = h{x) = ^/a I _ dr; v = ^/ay, 

Jo V o; cos"' T + sm r 

and denote by the inverse function of h. Then we obtain an isothermal parametrization 
of A^Q) and the function 



z(u) 



cos^ h ^ + sin^ h ^ I 



E{u) = e 

a 

satisfies (2.6) with a = 0; 6 = 1. Hence the function 

,„ „, / V , a"^ cos^ h~^(u) + sin^ h~^(u) 

(2.36 z(u) = In ^ 

a 

is a solution of (2.35) with t — and s — Ina, a > Q, ol^\. (It can be calculated directly 
that the function 2;(m), defined by (2.36) satisfies (2.35) with ^(0) = Ina, a > 0, \ and 
z'(0) = 0.) 

We will prove that every solution z(ti) of (2.35) with arbitrary t and s can be obtained 
from (2.36) by the formula i^(tt) = z{u^Uq) for a suitable choice of constants Uq and a. Since 
(2.35) is an autonomous equation and z{u) is its solution, then it follows that ^{u) — z{u^uq) 
is also a solution of this equation. Therefore we have to check only the initial conditions. 
Let Xo — h~^{uQ). Simple calculations give us the equalities 

, . , cos^ xq + sin^ xq 

z{U) = z[Uo) ~ m = s; 

a 

// V (1 — a^) sin2xo 
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which imply 



2ate^ 

sin2a;o = ^; 

1 — 



cos 2xo — 



1 + - 2ae' 



Using that sin^ 2xo + cos^ 2xo = 1, we get the following equation for a: 



e'o? - (1 + e^' + i^e^)a + = 0, 



2s I +l„s\ 



whose positive solutions are 



a — 



2e' 



For the above choice of a and Uq — h(xo) — - arctan — the initial conditions are 

2 1 + — 2ae^ 

satisfied. 

It is curious to mention that all solutions of (2.35) are periodic ones with period u = h^ir). 
In order to simplify system (2.33) we change the vector-function l{u,v) with vector- 
function L{u, v) determined by 



(2.37) 

We get the system 



l{u, f ) = e 2 L(u, v). 



Luviu,v) = 0; 



(2.38) 



Z (U) 

L^v{u, v) H —Lu{u, v) + 



z'{u) 



L{u, v) -\- e 2 n = 0; 



( z'(u) ^ . 
riu + e — f L„ + -^L ) = 0; 

z(u) 

n,, — e~~2~L„ = 0. 



The initial conditions (2.34) for l{u,v) imply the following initial conditions for L{u,v): 
L(0,0) = e-fei; L„(0,0) = e3; 

Lu{0,Q) = -te~^ei + 62; n(0,0) = e4. 

Prom the second equality in (2.38) it follows that L{u,v) — f{u) + g{v), where f{u) and 
g{v) are vector-functions, satisfying the system 

f» + ^/'(«) + e-^("n/(«) + 9{v)) - e-^n = 0; 



9"(v) + "-^fiu) + 



z'{u) 



z{u) 



(2.39) 



(/(M)+y(t;)) + e-— n = 0; 



z(tt) 



z'{u) 



Un + e-— ( f{u) + ^(/(«) + 9{v)) ] = 0; 



n„ - e 2 g'{v) = 0; 
/(O) = -te-iei + 62; ^'(0) = 63; /(O) + ^(0) = e-iei. 



Without loss of generality we assume that g{Qi) = 0; /(O) = e 2ei. 



12 N. KUTEV AND V. MILOUSHEVA 

Let US fix M = in the fourth equality of (2.39). Then after integration we get 

n{0,v) = e~^g{v) + e^. 
Now using the second equahty of (2.39) we obtain that g{v) satisfies the initial problem 
g"{v) + (t^ + 2cosh. s)g{v) — —eiei — te2 — e~5e4; 
^(0) = 0; 5'(0)=e3. 

Simple computations give us 



g(v) — — — — (cos + 2coshs v — l)(e2ei + te2 + e 264)+ 

+ 2 cosh s 

(2.40) 1 

, sin V i + 2 cosh sve^. 

Vt^ + 2coshs 

Now, multiplying (2.35) with z'{u) and integrating from to u, we get that z'{u) satisfies 
the equality 

(2.41) {z'{u)f + 8 cosh z{u) ^At^ + S cosh s. 

Using the first and the second equality of (2.39), (2.40) and (2.41), setting v — we obtain 
that f{u) satisfies the initial problem: 

f"{u) + z'{u)f{u) + (i^ + 2 cosh s)f{u) = etei + ^2 + e~iei] 

/(0) = e-tei; /'(O) = -te-f ei + 62- 

Therefore the solution f{u) of the above system can be written in the form 

^^^^ ^ ^^"^ + ¥^h^s^'"'' + + ''"''^^ 

where p{u) is the unique solution of the following linear homogenous system: 
p"{u) + z'{u)p\u) + if + 2coshs)p(M) = 0; 

/>(0) = ^2 ^ 2 TOsh s + ~ ~ e-te4]; p'(0) = -te-^e^ + 62. 

Now, using (2.37) we obtain that the solution l{u, v) of problem (2.33), (2.34) is given by 

liu, v) — e~^p{u) + — — cos + 2 cosh s v (e^ei + te2 + €'^64) + 

+ 2 cosh s ^ ' 

e 2 . 

sin V + 2 cosh s v 63. 



+ 2 cosh s 

If we denote p — y/t^ + 2 cosh s (^ = const), then Z(m, t;) is rewritten in the form: 

^(^i) C2p S\ -] 

/(«, f ) = e~p{u) H — ^ [cos /3 (e2 d + te2 + e~ 2 64] + f3smf3v esj . 

We remind that the function z{u) is given explicitly by (2.36). 
Thus we prove the following result: 

Theorem 2.4. Let : / = l{u,v) he a generalized torus of second type with non-constant 
Gauss curvature. Then 

l{u, v) = e~p{u) + — — - [cosj3v [e^Si + te2 + e'^e^ + ^sin/3v 63] , 
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where (3 = y/t'^ + 2 cosh s for arbitrary constants s and t, the scalar function z{u) is the 
solution of the equation 

z" + 4 sinh z{u) = 0; ^(0) = s; z'{0) = 2t, 

and is given explicitly by (2.36), p{u) is a vector function, which is a solution of the system 

p"{u) + z'{u)p'{u) + /3Mu) = 0; 

(2-42) p(o) = i_[e-f(t2 + e-^)ei-te2-e-ie4]; p' (Q) = -te-ie, + e^, 

and 61,62,63, 64 is the standard orthonormal basis in M^. 



3. Application to the theory of minimal foliated semi-symmetric 

hypersurfaces 

In this section we shall relate the theory of minimal surfaces in with the theory of 
minimal foliated semi-symmetric hypersurfaces in M^. 

For an n-dimensional Riemannian manifold [M^, g) we denote by TpM^ the tangent space 
to M"' at a point p G M" and by XM"' - the algebra of all vector fields on M". The associated 
Levi-Civita connection of the metric g is denoted by V, the Riemannian curvature tensor R 
is defined by 

R{X,Y) = [Vx, Vy] - V[x,y]; X,Ye XM^ 

A semi- symmetric space is a Riemannian manifold {M^,g), whose curvature tensor R 
satisfies the identity 

R{X,Y)-R = {) 

for all vector fields X,Y E jCM". (Here R{X, Y) acts as a derivation on R). 

According to the classification of Z. Szabo [15] the main class of semi-symmetric spaces is 
the class of all Riemannian manifolds foliated by Euclidean leaves of codimension two. 

The foliated semi-symmetric hypersurfaces in Euclidean space E*^"*"^ are the hypersurfaces 
of type number two, i.e. hypersurfaces whose rank of the second fundamental form is equal 
to two everywhere. They are characterized by a second fundamental form 

h = Pir]i®rii + ^2^2® V2, 1^11^2 7^ 0, 

where rji and r]2 are unit one-forms, Ui and i>2 are functions on the hypersurface M". The Eu- 
clidean leaves of the foliation are the integral submanifolds of the distribution Aq, determined 
by the one-forms r]i and r]2, i.e. Ao{p) = {X e TpW \ r]i{X) = 0, r/2(X) = 0}, pe M". A 
special class of foliated semi-symmetric hypersurfaces is the class of ruled hypersurfaces. 
A hypersurface M" of type number two is minimal if ui + 1^2 = 0. 

The foliated semi-symmetric hypersurfaces in E""*"^ are characterized in f3] by the following 

Theorem 3.1. A hypersurface in Euclidean space E"+^ is locally a foliated semi- 
symmetric hypersurface if and only if it is the envelope of a two-parameter family of hy- 
perplanes in E""^^ . 

Using the characterization of a foliated semi-symmetric hypersurface as the envelope of a 
two-parameter family of hyperplanes, each such hypersurface is determined by a pair of a 
unit vector-valued function l{u, v) and a scalar function r{u, v), defined in a domain V C M^. 

Since the vector fields lu and 1^ are linearly independent, then the vector- valued function 
l{u,v) determines a two-dimensional surface : / = l{u,v), {u,v) G P in E""*"^. Without 
loss of generality it can be assumed that the surface is parameterized locally by isothermal 
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parameters, i.e. E = G, F = 0. Then the generated fohated semi-symmetric hypersurface 
M" is given in |1] by 

(3.1) X{u,v,w°') = rl + ^ lu + ^ + w" ba, a = l,...,n-2, 

where {u,v) & lo" G M, a = 1, . . . , n — 2, and hi{u,v), . . . , 6„_2(w, v), {u, v) eV are n — 2 
mutually orthogonal unit vectors, orthogonal to span{/, lu, /„}• 

The minimal foliated semi-symmetric hypersurfaces in E""*"^ are characterized analytically 
in [3] by the following 

Theorem 3.2. Let M" he a hypersurface in W^^^ which is the envelope of a two-parameter 
family of hyperplanes, determined by a unit vector-valued function l{u,v), represented by 
isothermal parameters, and a scalar function r{u,v). Then M" is minimal if and only if 
l{u,v) andr{u,v) satisfy the equalities 

Al{u, v) + 2E{u, v) l{u, v) = 0; 

Ar{u, v) + 2E{u, v) r{u, v) = 0. 

Hence, the minimal foliated semi-symmetric hypersurfaces in are generated by the 
solutions of system (2.3), i.e. by the minimal surfaces in S^. 

Now we shall construct examples of minimal foliated semi-symmetric hypersurfaces in M^, 
which are generated by some minimal surfaces in S^. 

The simplest example of a minimal surface in is the sphere S"^ = S^f]M.^. We assume 
that is the subspace of orthogonal to 64, i.e. R^ = spanjci, 62, 63}. An isothermal 
parametrization of 5"^ is given by 

S'^ : l{u,v) = — (cost;; sinv;sinht/; 0). 



coshw 

\,) = (L.L) = 

cosh u 



A direct computation shows that E = (lu-Ju) = {IvJv) = 5 — ' ^ ~ {^uJv) = and 

obviously l{u,v) satisfies the equality 

2 

Al{u, v) H 2~ ^(^' ^) = 0- 

cosh u 

The normal vector field n{u,v) of S"^ is ri = 64 = (0; 0; 0; 1). According to Theorem 13.21 the 
corresponding differential equation for the scalar function r{u,v) is 

2 

(3.2) Ar{u, v) H ^ r{u, v) = 0. 

cosh u 

Every solution r{u, v) of (3.2) together with the sphere S"^ : I = l{u, v) generate a minimal 
foliated semi-symmetric hypersurface in according to formula (3.1). 
One solution of (3.2) is 

r{u, v) = + — j tanh u. 

Now let us consider the minimal foliated semi-symmetric hypersurface generated by 
l{u,v) and this solution r{u,v). Calculating r„, r^,, and applying formula (3.1), we 

obtain 

: X{u, V, w) = sinh u sin v; sinh u cos v; v + — ; w 

After the following change of the parameters = sinhw; t = f + — , we obtain the hyper- 
surface 

(3.3) : X{u^, t, w) = w^(cost ei + sin 1 62) + tea + we^. 
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The hypersurface M^, whose radius-vector X = X{u^,t,w) is determined by (3.3), is the 
so-called generalized helicoidal ruled hypersurface, obtained by G. Aumann (see |T1 Theorem 
4]). It is called also a first type helicoid in M^. It is a generalization of the right helicoid in 
Ml 

The next well-known example of a minimal surface in is the Clifford torus 
: l{u,v) = (cosM cos f; cos M sin t?; sin m cos i;; sin m sini;). 
The normal vector field n{u, v) of Ai is 



Since E = (luJu) = {LJv) = 1, then according to Theorem 13.21 the corresponding equation 
for the scalar function r{u, v) is 

(3.4) Ar{u,v) + 2r{u,v) = 0. 

If we take the trivial solution r{u,v) = of (3.4), we get the following minimal foliated 
semi-symmetric hypersurface 

: X{u, v,w) = w n{u, v) = w{smu sin — sinu cos v; — cosu sinv; cosu cos^;). 

After the following change of the parameters = —wsinu; = wcosu; t = v + —, we 
obtain the hypersurface 

(3.5) : X{u^ ^u^ ,t) = u^{costei + sin 1(62) + ^^(cost 63 + sinte4). 

The hypersurface M^, whose radius-vector X = X{u^,u'^,t) is determined by (3.5), is the 
minimal ruled hypersurface obtained by G. Aumann in [H Theorem 1]. This hypersurface is 
known as a second type helicoid. The first and the second type helicoids are the only minimal 
ruled hypersurfaces in (see |T]). 

Thus we showed that the first type helicoid is generated by the sphere S"^ in S^, while the 
second type helicoid is generated by the Clifford torus. 

Our scheme of constructing minimal foliated semi-symmetric hypersurfaces in can be 
applied to each minimal surface : I = l{u, v) in and each solution of the corresponding 
differential equation for the scalar function r{u,v). 

We shall illustrate how this construction can be applied to the generalized torus of second 
type, given in Theorem 12.41 in the special case when t = 0, s = In a, a > 0, a 7^ 1. Since the 
calculations are too long and complicated, we give only a short sketch of the construction. 
In this case the solution l{u,v) is defined by 



l[u,v) = f{u) 



p{u) + " cosPvi y/aei + ) + ^ ^rrr sin 63 



t. \ /a^cos^^ ''{u)+siv?h ^{u) \ ■ ■ t ^- t u ■ 

where jiu) = \ , n iu) is the inverse function of a given on 

V a 

ja'^ + 1 

page [ini piu) is the solution of system (2.42), and (3 = \ . As a solution of the 

V a 

I a 

corresponding differential equation for riu,v) we choose r(u,v) = fiu). — sin /3w. We 

V + 1 

calculate lu{u,v), lv{u,v), and using (2.33) and (2.40) we find the vector-valued function 
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n{u, v): 

^ ] 2 " 1 ^ ~ + . o I N cos ^z; ( y/aei + -^e^ 

/ a 1 . ^ l-a^ /•« sin2/i-^(s) 

+ a/ ^"^TTT ^3 - 7^ / 7^7^ — p{s)ds. 

\ + 1 f(u) f{u) a Jo f\s) 

Applying formula (3.1) we obtain the following minimal foliated semi-symmetric hyper- 
surface M^: 

1 - sm2h-\u) . n n ^ 
X{u,v,w]— — , = sm pvplu) 

a a^cos^ /i^-'^f'u) + sin^ ^ , . 

^ sm pvp[u) 



+ (l - sin^ es + w n{u, v). 

Unfortunately, in this case wc cannot write by means of elementary functions the hyper- 
surface as in the previous examples, because we cannot find an explicit solution p{u) of 
linear system (2.42). 
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